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E-mail address: r.gutkin07@imperial.ac.uk (R. GutkThis paper explores the specimen-dependence of the resistance (R-) curve for fracture of materials show-
ing a pronounced R-curve effect. Using a cohesive zone framework, this paper demonstrates how to effec-
tively predict the R-curve for a specimen type whose deformation is shear-dominated (compact tension,
CT) from the R-curve of a specimen type whose deformation is bending-dominated (double cantilever
beam, DCB). The mathematical relationships between crack extension and crack opening displacements
for both CT and DCB specimens are ﬁrst derived and related to a tri-linear cohesive law. Experimental
tests for intralaminar fracture of CFRP are carried out and analysed. Using, as input, the experimental
results from the DCB specimen, the cohesive law is shown analytically and using Finite Element (FE)
to reproduce accurately the R-curve for the DCB and also to predict accurately the R-curve for the CT
specimens.
 2011 Elsevier Ltd. All rights reserved.1. Introduction the length of the process zone is constant during crack growth,Several types of materials, such as concrete and ﬁbre-reinforced
composites, often show rising resistance (R)-curves – their resis-
tance to fracture increases as the crack propagates – which are
important to model in order to predict accurately the response of
such a material during damage propagation. This paper is con-
cerned with modelling the R-curve effect and its specimen-depen-
dence displayed under large scale bridging conditions associated
with longitudinal intralaminar fracture in unidirectional laminated
composites.
Increasing R-curves can be attributed to toughening mecha-
nisms acting in the wake of the crack; in laminated composites
these could be ﬁbre bridging and pull-out, cross-over ﬁbre bridging
or z-pins. The length over which these mechanisms act, called pro-
cess or bridging zone, is often large compared to the characteristic
dimensions of the specimen. For instance, in compact tension (CT)
specimens, used to measure the fracture toughness of the tensile
ﬁbre failure mode in carbon/epoxy, the length of the process zone
can be approximately 11 mm for 65 mm wide specimens (Pinho
et al., 2006b). When such large-scale bridging conditions prevail,
it has been shown that the R-curve is not a material property but
is dependent on the specimen geometry (Suo et al., 1992).
Similarly, the length of the process zone is in general not constant
during crack growth. The specimen-dependency of the R-curve has
been experimentally demonstrated in Sørensen and Jacobsen
(1998) and Jacobsen and Sørensen (2001) using a double cantilever
beam (DCB) specimen loaded with pure moments, for which casell rights reserved.
in).to measure the R-curve associated with mode I intralaminar longi-
tudinal crack growth. R-curves were measured for several values of
the height of the DCB’s arms and it was found that for a height of
1.5 mm the length of the process zone was in the region of 28 mm,
while for a height of 4 mm, the process zone was approximately
56 mm long.
Under large-scale bridging conditions, it has been proposed in
Suo et al. (1992) and Sørensen and Jacobsen (1998) to use the
bridging law – which relates the traction in the bridging zone with
the crack opening displacement – as a material property. Experi-
mentally, the bridging law can be calculated from the knowledge
of the R-curve (JR, later assumed to be the critical energy release
rate GR) and the crack end-opening displacement (d) for specimens
admitting a steady-state (Suo et al., 1992) (e.g. pure moment
loaded DCB specimen):
rðdÞ ¼ @JR
@d
: ð1Þ
Sørensen and Jacobsen (1998) used the pure moment loaded
DCB specimen to determine the bridging law associated with
cross-over ﬁbre bridging in mode I intralaminar crack growth.
With this test conﬁguration, crack growth is under pure mode I
and the J-integral evaluated along the boundaries of the specimen
is equal to the energy release rate (G) (Suo et al., 1992), which can
be expressed as a function of the applied moments, material prop-
erties and geometry of the beams. In this case, the bridging law
was found to be nonlinear and independent of the specimen geom-
etry. This approach was recently extended to mixed-mode behav-
iour using the uneven bending moment DCB specimen (Sørensen
et al., 2009).
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often used (cohesive laws assume a ﬁnite stress ﬁeld at the crack
tip, while bridging laws assume a singularity at the crack tip; see
(Carpinteri and Massabó, 1996) for a discussion of the two
approaches). Bilinear cohesive laws (or linear softening laws) are
for example often used to model interlaminar delamination. These
laws are typically sufﬁcient in the case of delamination as the
fracture energy is dissipated by a single failure mechanism and
the R-curves are typically ﬂat. However, in the case of intralaminar
crack growth, energy dissipation due to matrix failure and cross-
over ﬁbre bridging need to be accounted for. A mixed-mode trilin-
ear cohesive law has been proposed by Hansen et al. (2007) to
model delamination exhibiting ﬁbre bridging. The parameters
required to deﬁne the cohesive law are obtained from an R-curve
GR(d) and Eq. (1). Hansen et al. (2007) show that because each
energy dissipating mechanism is accounted for, and represented
by a different slope in the softening law, the R-curve behaviour is
well captured.
Recently, Dávila et al. (2009) proposed a similar modelling
strategy for translaminar crack growth (through the ﬁbres). The
parameters required to deﬁne the cohesive law were obtained
from the R-curve measured with CT specimens (Pinho et al.,
2006b). In this case, the R-curve was measured as a function of
the crack length and not the end-opening displacement. Therefore,
the cohesive law cannot be evaluated using Eq. (1). By building a
trilinear law as the superposition of two bilinear laws, Dávila
et al. (2009) derived an expression for the R-curve as a function
of the crack extension. This expression, related to the analysis of
Foote et al. (1986), assumes that the crack faces are straight over
the softening region and requires the length of the process zone
to be known (e.g. from the analysis of the R-curve GR(a)).
In the present paper, the R-curve effect and its specimen-
dependence is investigated for intralaminar fracture of CFRP, using
CT and DCB specimens as shown in Fig. 1. The mathematical rela-
tionships between crack extension and crack opening displace-
ments for these two types of specimens are ﬁrst derived and
related to a simpliﬁed tri-linear cohesive law. The tri-linear cohe-Fig. 1. DCB and CT specimesive model is calibrated with the experimental results from a
DCB specimen, and used to reproduce the R-curves measured
experimentally during the DCB and CT tests both analytically and
using an FE implementation.
2. Deﬁnition of the cohesive law from a measured R-curve
2.1. Trilinear constitutive law
In this section, a method to deﬁne a cohesive law from an
R-curve (GR(a)) is presented. The relationship between end-
opening and crack extension is studied for two specimen types
showing signiﬁcantly different crack proﬁles. To derive this rela-
tionship, it is assumed that the opening proﬁle in the long process
zone (LPZ) is the same as in the arms of the specimen. Speciﬁcally
for the CT specimen, the arms deform in shear, so that the crack
proﬁle is assumed to be linear also in the LPZ. For the DCB, the
deformation is due to a linearly varying bending moment, so that
the crack proﬁle is assumed to be a third order polynomial. The
validity of this assumption relies on suitable CT and DCB specimen
conﬁgurations (so that they deform under shear and bending
respectively), and restricts the maximum dimension of the process
zone (relative to the crack length) as well as the magnitude of the
cohesive stresses in the LPZ. This assumption, for the specimens
and material used in this study, will be tested by comparison with
numerical data in Section 4.3.
The parameters of the cohesive law are deﬁned in Fig. 2. In the
present case, the cohesive strength r0 is equal to the transverse
tensile strength of the composite, Yt. In the linear elastic part, the
stress and displacement are related through an elastic stiffness
K = E/lc, where E is the transverse modulus of the composite and
lc is a characteristic length associated with the thickness of the
damage zone. For an ideal zero-thickness crack, K should be as high
as possible. For a smeared FE implementation, lc is related to the
size of the element used, see (Pinho et al., 2006a; Bazant and Oh,
1983) for further details. In Fig. 2, d0 is the opening at failure initi-
ation and is deﬁned asn dimensions (in mm).
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The small scale failure process at the crack tip is called short process
zone (SPZ), and is characterized by a crack tip toughness Ginit. When
the SPZ is fully developed, the corresponding crack opening dis-
placement is called the intermediate separation di (see Figs. 2–4).
A strength ratio between the intermediate strength and the cohe-
sive strength is deﬁned as
r ¼ ri
r0
: ð3Þ
In Fig. 2, the toughness associated with ﬁbre bridging is denoted
Gprop  Ginit (where Gprop is the propagation toughness obtained
when the steady state is reached), and the ﬁnal separation df.Fig. 2. Simpliﬁed trilinear cohesive law.
Fig. 3. Assumed crack proﬁle for a CT specimen.
Fig. 4. Assumed crack proﬁle for a DCB specimen.From Fig. 2, the cohesive law can be written as
r ¼
Kd for 0 6 d 6 d0
r0
did0 ½ðr  1Þdþ ðdi  rd0Þ for d0 6 d 6 di
rr0
dfdi df  d
 
for di 6 d 6 df
8><
>>: : ð4Þ
The energy dissipated by ﬁbre bridging, corresponding to area
(Gprop  Ginit), reads
Gprop  Ginit ¼ ridf2 ; ð5Þ
hence, from the deﬁnition in Eq. (3)
r ¼ 2ðGprop  GinitÞ
dfr0
: ð6Þ
In the same way, the energy dissipated in the SPZ, and correspond-
ing to area Ginit, reads
Ginit ¼ r02 ðdi  rd0Þ: ð7Þ
Substituing r from Eq. (6) into Eq. (7), and solving for di, leads to
di ¼ 2r0 Ginit þ ðGprop  GinitÞ
d0
df
 
: ð8Þ
On the right hand side of Eq. (8), r0 is the relevant strength of the
material, d0 is determined from Eq. (2), and Ginit and Gprop are mea-
sured from the R-curve. To obtain df, a relationship between the
crack extension and the crack opening needs to be established. This
relationship depends on the type of specimen used and is derived
now for the CT and DCB specimens.
2.2. Crack extension versus crack opening displacement relationship
for the CT specimen
Under the aforementioned assumption that the CT specimen
deforms in shear and hence the crack proﬁle outside the SPZ is lin-
ear, the crack proﬁle for the CT specimen can be schematically rep-
resented as in Fig. 3. From geometrical considerations, the crack
end opening displacement at the initial crack tip (located by the
length a0) can be written
d ¼ ðD diÞ Daa0 þ Daþ di: ð9Þ
When the R-curve just reaches steady-state GR = Gprop, and consider-
ing the crack tip to be at the trailing edge of the short process zone,
the crack extension is equal to the length of the LPZ, Da = lLPZ, and
d = df. Posing
k ¼ lLPZ
a0 þ lLPZ ; ð10Þ
and using Eq. (8) in Eq. (9) leads to a second order equation in df
d2f 
2
r0
Ginitð1 kÞ þ Dk
 
df  2d0r0 ð1 kÞðGprop  GinitÞ ¼ 0; ð11Þ
where the applied displacement D, is taken at the beginning of the
steady-state: D ¼ DGR¼Gprop and the physically relevelant solution for
df is the positive root of Eq. (11).
2.3. Crack extension versus crack opening displacement relationship
for the DCB specimen
For theDCB, the arms outside the short process zone are assumed
to deform in pure bending, due to the applied load F, such that the
crack proﬁle can be schematically represented as in Fig. 4. The crack
proﬁle is assumed to follow a third order polynomial
y xð Þ ¼ c0 þ c1xþ c2x2 þ c3x3: ð12Þ
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glected so that y
0
(0) = 0, hence, c0 = di/2 and c1 = 0. The two con-
stants remaining are solved by noting that for x = a0 + Da,
y(a0 + Da) = D/2 and the moment is zero y
00
(a0 + Da) = 0, which yield
c2 ¼ D di
2ða0 þ DaÞ2
and c3 ¼  D di
6ða0 þ DaÞ3
: ð13Þ
Therefore, for x = Da
d ¼ ðD diÞDa
2ð2Daþ 3a0Þ
ða0 þ DaÞ3
þ di: ð14Þ
When the R-curve just reaches steady-state GR = Gprop, the crack
extension is equal to the length of the LPZ, Da = lLPZ, and d = df.
Posing
k ¼ l2LPZ
ð2lLPZ þ 3a0Þ
ða0 þ lLPZÞ3
; ð15Þ
and using Eq. (8) in Eq. (14) leads to a second order equation in df
identical to Eq. (11) (but with k given by Eq. (15) instead of Eq. (10)).
2.4. R-curves and load versus displacement curves
The R-curve as a function of the crack opening can be found by
integrating Eq. (1). The SPZ being quickly developed in both the CT
and DCB specimens, only the R-curve during the development of
the LPZ and in the steady-state is considered, so that integrating
Eq. (1) gives
GR ¼
Ginit þ rr0 di2 þ
R d
di
rr0
dfdi ðdf  dÞdd for di 6 d 6 df ;
Gprop for d > df ;
(
ð16Þ
which leads to
GR ¼ Ginit þ rr0
di
2 þ rr0dfdi df ðd diÞ 
d2d2i
2
h i
for di 6 d 6 df ;
Gprop for d > df :
8<
:
ð17Þ
In Eq. (17), it has been implicitly assumed that the J-integral is equal
to the energy release rate which involves an approximation for the
CT and DCB specimens under large scale bridging condition (Suo
et al., 1992).
The crack end opening displacement d in Eq. (17) can be re-
placed by its expression as a function of the crack extension Da gi-
ven in Eq. (9) for the CT specimen and Eq. (14) for the DCB
specimen.
The only remaining unknown is the applied displacement in Eq.
(9) or Eq. (14) and which can be solved by writing the energy re-
lease rate for a linear elastic material as
G ¼ F
2
2t
dC
da
¼ D
2
2tC2
dC
da
; ð18Þ
where C = D/F and C = CDCB(a) and C = CCT(a) are the compliance of
the DCB and CT specimens, respectively, and t the thickness of the
specimens. These compliances are found using the FE models pre-
sented later in Section 4, without the damage model and loaded
with a unit load for several values of the crack length a. The curve
C(a) is then ﬁtted using a function of the form
C ¼ aaþ bð Þv; ð19Þ
where a, b and v were calculated to best ﬁt the data.
Once D and C are known, the load versus displacement curve
can also be predicted.3. Mode I intralaminar R-curve measurement
3.1. Data reduction
The data reduction scheme is the same for both types of speci-
mens (DCB and CT). The critical strain energy release rate can be
calculated using the change in compliance, C, with crack length,
a, in Eq. (18). The compliance calibration method is used in this
study, therefore, the elastic compliance of the specimen at each
optically measured crack length is determined directly from the
load displacement curve by unloading and reloading the speci-
mens, see Fig. 5 a and c. The experimental C vs. a data is then plot-
ted and ﬁt with a function of the form deﬁned in Eq. (19), where a,
b and v were calculated to best ﬁt the experimental data. The crit-
ical strain energy release rate at each measured crack length is
then obtained as
GIc ¼ F
2
c
2t
avðaaþ bÞðv1Þ: ð20Þ3.2. Specimen manufacture
The material system used in this study is an IM7/8552 unidirec-
tional carbon/epoxy prepreg of 0.25 mm nominal ply thickness.
Composite panels with a lay-up of [0]20, corresponding to a
5 mm thickness in the 3-direction, were manufactured using the
hand lay-up method and cured to the prepreg manufacturer’s
instructions. A wet saw was used to cut the rectangular plates to
the geometries and in-plane (1–2 plane) dimensions shown in
Fig. 1; the 8 mm holes were made using a carbide tipped drill.
The precracks were machined as follows. For the DCB, a wet saw
is used to machine the 15 mm long and 2 mm high pre-crack, and
the 50 mm long cut following it is machined with a razor saw. The
DCB specimens were opened to initiate a crack over a few millime-
ters at the tip of the precrack, this allowed for a sharp crack tip to
be obtained. For the CT specimens, the 4 mm high and 30 mm long
cut is obtained using a disc saw. The remaining 10 mm of the pre-
crack are obtained with a razor saw and the tip is sharpened with a
clean razor blade. The sharpening process used for the DCB is not
performed for the CT specimens due to the small crack growth
range possible.
Prior to testing, a scale with a 1 mm increment was drawn on
the specimens in order to optically measure crack growth and
the individual specimen dimensions were measured and recorded.
3.3. Test method and experimental setup
Six specimens of each conﬁguration were tested using an
Instron machine with a 1 kN load cell; each specimen was loaded
under displacement control at a rate of 0.5 mm/min. Measure-
ments of load and crosshead displacement were recorded using a
data logger. A CCD camera and monitor was used to view a magni-
ﬁed image of approximately 12 mm of the area of the specimen
containing the crack-growth scale. This magniﬁed image was used
together with an event marker connected to the data logger so that
the accurate load and displacement, corresponding to the mea-
sured crack length, are written in the output of the data logger.
3.4. Experimental results and analysis
A representative load versus displacement curve recorded dur-
ing the DCB tests is shown in Fig. 5a. The response is quasi-brittle
with a linear region followed by a long nonlinear one, where the
load slowly increases with displacement. The latter corresponds
to the propagation of the crack and subsequent development of
(a) (b)
(c) (d)
Fig. 5. Load versus displacement curves and R-curves (a–b) for the DCB tests and (c–d) for the CT tests.
Table 1
Parameters used for the deﬁnition of the cohesive law.
Parameter Value Source
Ginit (kJ/m2) 0.256 R-curve DCB test
Gprop (kJ/m2) 1.626 R-curve DCB test
lLPZ (mm) 71 R-curve DCB test
DGR¼Gprop (mm) 9.49 Load-displacement curve DCB test
E22 (MPa) 8600 Standard test
r0 (MPa) 62 Standard test
d0 (mm) 1.4e3 Eq. (2)
K (MPa/mm) 44285
r 1.08e2 Eq. (6)
df (mm) 4.09 Eqs. (11) and (15)
di (mm) 8.2e3 Eq. (8)
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decreases as the applied displacement increases. The R-curves for
the DCB specimen (Fig. 5b) show a linear increasing trend from
an initiation value of Ginit = 0.256 ± 0.034 kJ/m2 to a steady state
value of Gprop = 1.626 ± 0.213 kJ/m2. The average length of the LPZ
is approximately lLPZ = 71 mm.
The load versus displacement curve for the CT specimen
(Fig. 5c) indicates a brittle response with the linear elastic region
immediately followed by a drop in load. After this load drop, crack
propagation appears to be stable. The R-curves (Fig. 5d) have an
initiation toughness of Ginit = 0.311 ± 0.07 kJ/m2. The curves show
a knee at approximately Da = 14.5 mm, after which the toughness
increases faster with crack growth. Because of the short width of
the CT specimen, the LPZ does not fully develop and the R-curve
only reaches 50% of the propagation value found in the DCB test.
The parameters used to deﬁne the cohesive law are the average
values of the DCB tests and are summarised in Table 1, and the cor-
responding cohesive law is plotted in Fig. 6.
4. Numerical simulation of mode I intralaminar matrix failure
4.1. Finite Element models
The FE models used are shown in Fig. 7. The geometries are
based on the dimensions of the test specimens in Fig. 1. The height
of each DCB arm is divided into four 3D reduced integration ele-
ments (Abaqus C3D8R (Karlsson Hibbit and Sorensen Inc, 2006))
and enhanced hourglass control is used such that the bending stiff-ness can be well captured. The model is implemented as a user
subroutine (VUMAT) and uses a smeared crack formulation (Pinho
et al., 2006a) which is expressed in terms of stress versus strain
over the volume of the element. The crack is then smeared over
the height of the element and a characteristic length is used to re-
late the stress–strain relationship to the traction displacement
(cohesive law) deﬁned in Section 2. In this context, given that
the observed damage height was approximately 0.2 mm in the
experiments, a band of 0.2 mm high elements is deﬁned after the
precrack, see Fig. 7. This band is modelled using C3D8R elements
with combined hourglass control. The properties used for the
models are summarised in Table 2.
Fig. 6. Trilinear cohesive law deﬁned from DCB tests.
Fig. 7. FE models of the DCB and CT specimens.
Table 2
Material properties used for the FE models.
E1 (MPa) E2 (MPa) m12 G12 (MPa) Yt (MPa)
176600 8600 0.34 4480 62
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and Sorensen Inc, 2006). A displacement in the 2-direction isapplied to the nodes shown in Fig. 7 (nodes that correspond to
the points of application of the load in the experiments). The dis-
placements of these nodes are ﬁxed in the 1-direction. The load
is extracted on the nodes where the displacement is applied in
both models. To account for the sharpening of the crack tip in
the DCB specimens, the FE model, with nominal dimensions, is ﬁrst
loaded so that the crack propagated for a few millimeters. The
models are then unloaded and reloaded and the R-curve is ex-
tracted from this reloaded model. Crack lengths are measured at
several values of the load, so that an R-curve can be calculated fol-
lowing the same data reduction scheme used in the experiments,
and detailed in Section 3.1. For these measurements, the crack
tip is deﬁned as the node where stress and displacement are equal
to (ri,di) deﬁned in Figs. 2 and 6.4.2. Load displacement and R-curves predicted by the FE models
Fig. 8 shows the load versus displacement curves predicted for
the DCB specimen using: (i) a bilinear law with Gc = Ginit, (ii) a bilin-
ear law with Gc = Gprop and (iii) the trilinear law as deﬁned in Fig. 6
and the properties from Table 1 (the same elastic properties and
cohesive strength are used for the bilinear and trilinear laws).
The experimetal curves are also presented in this ﬁgure, and the
unloading–reloading cycles have been removed. The bilinear laws
capture well either the onset of non-linearity or the softening
region but not the transition between the two regions. However,
the trilinear cohesive law is able to capture the experimental trend
across the whole displacement range. As mentioned in Section 4.1,
the FE model with the trilinear cohesive law and nominal dimen-
sions is ﬁrst loaded then reloaded to simulate the sharpening step,
which explained the stiffer initial response in the linear elastic
part. The load versus displacement curves predicted using the
quasi-analytical expressions presented in Section 3 are also plotted
in Fig. 8 and agree well with the FE results.
Fig. 9 shows the R-curve measured experimentally, GR(Da),
together with the FE and quasi-analytical predictions for the DCB
specimen. The predicted R-curves show an S-shaped trend while
the experiments appear to be more linear. Overall, the agreement
Fig. 8. Load displacement curves for the DCB test; Experimental results with FE predictions for bilinear and trilinear cohesive laws and quasi-analytical predictions.
Fig. 9. GR(Da) for the DCB test.
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the LPZ are good.
Fig. 10 shows the R-curves as a function of the end-opening
extracted from the FE model and calculated using Eq. (17). The
FE result lies slightly under the analytical prediction for di 6 d 6 df,
but show a similar trend and matches exactly for dP df.
Fig. 11 shows the load versus displacement curves predicted by
the CT FE model using: (i) a bilinear law with Gc = Ginit, (ii) a bilin-
ear law with Gc = Gprop and (iii) the trilinear law, deﬁned from the
DCB results, Fig. 6 and properties from Table 1 (the same elasticproperties and cohesive strength are used for the bilinear and tri-
linear laws). The experimetal curves are also presented, and the
unloading–reloading cycles have been removed. The bilinear law
with the initiation value captures well the peak load but signiﬁ-
cantly underpredicts the load at the tail of the curve. When the
propagation value of the toughness is used, the FE prediction tends
towards the experimental result only at the tail of the curve. The
trilinear cohesive law is able to capture both the initiation and tail
of the load versus displacement curve. The load versus displace-
ment curves predicted using the quasi-analytical expressions are
Fig. 10. FE and analytical GR(d) for the DCB test.
Fig. 11. Load displacement curves for the CT test; Experimental results with FE predictions for bilinear and trilinear cohesive laws and quasi-analytical predictions.
1774 R. Gutkin et al. / International Journal of Solids and Structures 48 (2011) 1767–1777also plotted and show a close agreement to the experimental and
FE results.
Fig. 12 shows the R-curve measured experimentally as a func-
tion of the crack extension together with the FE and quasi-analyt-
ical prediction for the CT specimen. The R-curves have all the same
trend up to a crack extension of 15 mm, where the experimental
R-curves show a steeper rise and the predictions agreeing only
with the bottom range of experimental data. It should be notedthat the FE and quasi-analytical models have input properties from
the DCB tests only, not from the CT tests.
The R-curves as a function of the end-opening extracted from
the FE model and calculated using Eq. (17) are shown in Fig. 13.
Analytical and FE predictions show the same linearly increasing
trend; the oscillations in the FE R-curve for small end-opening
come from slight inaccuracies in measuring the crack length (they
are also observed in Fig. 12 for crack extension less than 15 mm.)
Fig. 12. GR(Da) for the CT test.
Fig. 13. FE and analytical GR(d) for the CT test.
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The FE predicted opening displacements for the DCB specimen
are plotted in Fig. 14 for three different applied displacements T1,
T2 and T3 indicated in Fig. 8. In Fig. 14, a third order polynomial
is ﬁtted to each proﬁle, for displacements in the range di 6 d 6D
(in the LPZ). The actual curve and the polynomial ﬁt match exactly,
which implies that the crack opening displacements are of theform given in Eq. (12), which validates the asumptions of the mod-
el presented in Section 2.3.
The predicted opening displacements of the CT specimen are
plotted in Fig. 15 for three different applied displacements T1, T2
and T3 indicated in Fig. 11. In Fig. 15, a ﬁrst order polynomial (lin-
ear proﬁle) is ﬁtted to each proﬁle, for displacements in the range
di 6 d 6 D (in the LPZ). The actual curve and the polynomial ﬁt
agree well for the curve labeled T3. Slight discrepancies occur close
Fig. 14. Crack opening displacements extracted from the FE model for the DCB at the displacements indicated in Fig. 8. Each curve is superposed with a third order
polynomial.
Fig. 15. Crack opening displacements extracted from the FE model for the CT at the displacements indicated in Fig. 11.
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validates the assumptions of the model developed in Section 2.2.5. Discussion
The DCBs used in the present study are wedge loaded and have
relatively high arms (this is imposed by the manufacturingprocess). These two factors means that the length of the process
zone does not remain constant during crack growth. In terms of
R-curve, this can result in toughness values above the steady state
one when the long process zone ﬁnishes to develop. Suo et al.
(1992) discuss this phenomenon and in particular note that such
problem is reduced in wedge loaded specimens if lLPZ/h is sufﬁ-
ciently small and a0 +Da/h sufﬁciently large. In the present case,
at steady state, lLPZ/h = 14.2 and a0 + Da/h = 24.2, which is at the
R. Gutkin et al. / International Journal of Solids and Structures 48 (2011) 1767–1777 1777limit of applicability. The experimental curves do not however
show signs of over-predicting the toughness at the transition be-
tween process zone development and steady state. The results ob-
tained from the DCB are therefore acceptable in the scope of this
article, which is to illustrate the specimen dependency, but a pure
moment loaded DCB should be preferred when measuring pure
mode I cohesive laws (Sørensen and Jacobsen, 1998).
The relationships between crack extension and crack opening
displacement derived in Eqs. (10), (11) and (15) for the CT and
DCB specimens rely on assumptions on the deformation of the
specimen arms.
For the CT specimen, it is assumed that the bridging stresses in
the long process zone (LPZ) do not affect the crack proﬁle, and that
the specimen deforms in shear, so that the crack proﬁle is linear.
The assumption is fulﬁlled for crack extension above 45 mm,
Fig. 15, but for smaller crack extension, slight discrepancies can
be seen close to di. Nevertheless, these discrepancies remain small
and Eq. (9) holds for smaller crack lengths as well.
For the DCB specimen, it is assumed that the arms deform in
pure bending, and in the long process zone, the crack proﬁle is
not affected by the bridging stresses. The crack opening displace-
ments extracted from the FE model ﬁt exactly a third order polyno-
mial in the range di 6 d 6 D, Fig. 14, and therefore satisfy Eq. (12).
The assumption of pure bending would not hold in cases where h
becomes very large with respect to the length of the precrack (a
limiting case being the CT specimen) or when h becomes very
small, as the deﬂection might be affected by the bridging stresses).
The load versus displacement and R-curve retrieved from the FE
model of the DCB using the trilinear cohesive law derived from the
DCB test results and Eqs. (6), (8) and (11) are in good agreement
with experimental results. Crack initiation, process zone develop-
ment and steady state propagation are well captured by the model
because the trilinear law allows for different scales and different
energy mechanisms to be accounted for. This is not the case for
the bilinear laws, Fig. 8, which are able to capture crack initiation
or steady-state, when initiation or propagation values are chosen
for the fracture toughness, respectively.
For the DCBs, the experimental R-curve is linear compared to
the more S-shaped one extracted from the FE model. The difference
in trend is linked to the trilinear shape assumed for the cohesive
law. A more advanced and nonlinear shape of the cohesive law
would make it possible to obtain the linear increase of the R-curve
(Jacobsen and Sørensen, 2001) for discussion), however, and as
shown in Figs. 9, 10, 12 and 13, the trilinear cohesive law provides
a good compromise to capture R-curve effects while keeping the
derivations (of Eqs. (9) and (14) in particular) simple.
The quasi-analytical load versus displacement curve and
R-curve show an excellent agreement with the FE results; the
slight differences between the curves are due to the interpolation
of the compliance using Eq. (19).
The same cohesive law is used in an FE model of the CT speci-
men. Crack initiation and softening of the load versus displacement
curve are well captured by the cohesive law model. The R-curves
predicted by FE and quasi-analytically for the CT specimen agree
with the experimental R-curves for the least tough CT specimens.
The slower rise in the FE and quasi-analytical R-curve is possibly
a consequence of the shape assumed for the cohesive law. As in
the DCB case, where the numerical models shows a pronounced
S-shape while the experiments show a linear trend (or narrow
S-shape), the ﬂatter R-curve from the FE model of the CT couldindicate a more pronounced S-shape. This is also conﬁrmed by
Fig. 12, where it can be seen that the slope of the numerical
R-curve becomes very similar to the experimental one for
Da > 22 mm. Also, the FE R-curve appears offset to the three tough-
est CT specimens, which can be a consequence of slightly different
crack growth measurements in the experiments.
6. Conclusion
The mathematical relationships between crack extension and
crack opening displacements for both CT and DCB specimens have
been derived and related to a tri-linear cohesive law. These rela-
tionships are based on the assumptions that the arms of the CT
specimen remain straight outside the short process zone; and the
arms of the DCB deform in pure bending outside the short process
zone. These assumptions have been veriﬁed numerically. Experi-
mental tests for intralaminar fracture of CFRP have been carried
out and analysed. The R-curve in the DCB tests has been found to
rise from an initiation value of Ginit = 0.256 ± 0.034 kJ/m2 to a stea-
dy state value of Gprop = 1.626 ± 0.213 kJ/m2. A rising R-curve has
also been measured in the CT tests, but because of the short width
of the specimens, the steady-state has not been reached. The tri-
linear cohesive model has been implemented in FE. Using, as input,
the experimental results from the DCB specimen, it has been
shown that the cohesive law model can reproduce accurately the
R-curve for the DCB and CT specimens.
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